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Abstract. We study deformations of pairs {X, D) with X smooth projective variety 
and D a smooth or a normal crossing divisor, defined over an algebraically closed field 
of characteristic 0. When {X, D) is a log Calabi-Yau pair, we prove the unobstruct- 
edness of deformations in a completely algebraic way. More precisely, we describe a 
map that annihilates all the obstructions to the infinitesimal deformations of the pair 
(X, D); in particular, this implies that the differential graded Lie algebra controlling 
the infinitesimal deformations of a log Calabi-Yau pair {X, D) is homotopy abelian, 
hence the deformations are unobstructed. We also prove the unobstructedness of de- 
formations of a pair [X, D) with D a smooth divisor in | — mKx \ , for some positive 
integer m. 



Introduction 

Let X be a smooth projective variety over an algebraically closed field IK of charac- 
teristic 0. If X has trivial canonical bundle (torsion is enough), then the deformations of 
X are unobstructed: this is the well known Bogomolov-Tian-Todorov theorem. The first 
proofs of this theorem, due to Bogolomov in [Bo78], Tian |Ti87j and Todorov [To89] , are 
trascendental and rely on the underlying differentiable structure of the variety X. More 
algebraic proof, based on the T^-lifting theorem and the degeneration of the Hodge 
spectral sequence, are due to Ran |Ra92j . Kawamata |Kaw92| and Fantechi-Manetti 
|FM99j . 

The Bogomolov-Tian-Todorov theorem is also a consequence of the stronger fact that 
the differential graded Lie algebra associated with the deformations of X is homotopy 
abelian, i.e., quasi-isomorphic to an abelian differential graded Lie algebra. For IK = C, 
this was first proved in |GM90j . see also |Ma04| . For any algebraically closed field K of 
characteristic 0, this was proved in a completely algebraic way in [IMlOj . 

The aim of this paper is then to extend the techniques used in [IMlOj . to analyse 
the infinitesimal deformations of pairs. This extension can be viewed as an application 
of the litaka's philosophy: "whenever we have a theorem about non singular complete 
varieties whose statement is dictated by the behaviour of the regular differentials forms 
(the canonical bundles), there should exist a corresponding theorem about logarithmic 
paris (pairs consisting of nonsingular complete varieties and boundary divisors with 
only normal crossings) whose statement is dictate by the behaviour of the logarithmic 
forms(the logarithmic canonical bundles) and vice versa" [MatOTl Principle 2-1-4]. 

More precisely, let X be a smooth projective variety, D a smooth divisor and consider 
the deformations of the pair {X,D), i.e., the deformations of the closed embedding 
j : D ^ X. As first step, we give an explicit description of a differential graded Lie 
algebra controlling the deformations of j . Namely, let Gx (— log D) be the sheaf of germs 
of the tangent vectors to X which are tangent to D. Once we fix an open affine cover 
U oi X, the Thom- Whitney construction applied to Qx{ — log-D) provides a differential 
graded Lie algebra TW{Qx{— ^ogD)){U) controlling the deformation of j (see Theorem 
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Then, the main result of this paper describes a condition such that the DGLA 
TW{@xi—^ogD)){U) is homotopy abelian. 

Theorem (A). Let X be a smooth projective variety of dimension n, defined over an 
algebraically closed field of characteristic and D C X a smooth divisor D. If the 
contraction map 

H*iX, exi-logD))^Rom*iH*iX,n^x{logD)),H*iX,n^^-\logD))) 

is injective, then the DGLA TW{Qxi—^ogD)){U) is homotpy abelian, for every affine 
open cover U of X. 

As in [IMlOj . we recover this result using the Cartan homotopy construction and the 
degeneration of the Hodge-De Rham spectral sequence associated in this case with the 
complex of logarithmic differentials 0,'^{logD). 

As corollary we obtain an alternative (algebraic) proof, that, in the case of a log 
Calabi-Yau pair, the DGLA controlling the infinitesimal deformations of the pair {X, D) 
is homotopy abelian. By a log Calabi-Yau pair, we mean a smooth divisor in a smooth 
projective variety of dimension n, such that the sheaf ^^^(log-D) is trivial. 

Theorem (B). Let lA = {Ui} be an affine open cover of a smooth projective variety X 
defined over an algebraically closed field of characteristic and D C X a smooth divisor. 
If{X,D) is a log CY, then the DGLA TW{Qx{-^ogD)){U) is homotopy abelian. 

This also provides a new proof of the fact that the infinitesimal deformations of a 
log Calabi-Yau pair (A", D) are unobstructed. This result is also sketched in [KKPOSj 
Lemma 4.10, Lemma 4.20] or |K09j . where the authors use transcendental methods; see 
also [Ra92] . 

Once the unobstructedness of the pair (X, D) is proved, then studying the forgetting 
morphism of functors (f) : Def(x,D) ~^ Defx, one can prove the unobstructedness of 
Defx, for instance when D is stable in A, i.e., is smooth |Se061 Definition 3.4.22]. 

The unobstructedness of the deformations of a log Calabi-Yau pair (A, D) is also 
interesting from the point of view of mirror symmetry. The deformations of the log 
Calabi Yau pair (A, D) should be mirror to the deformations of the (complexified) 
symplectic form on the mirror Landau-Ginzburg model. Therefore, these deformations 
are also smooth [CTtI [Ail09| IKKPOSj . 

In a very recent preprint |Sal3| . the T^-lifting theorem is applied in order to prove 
the unobstructedness of the deformations (A, D), for A smooth projective variety and 
D a smooth divisor in | — mATx], for some positive integers m, under the assumption 
H^{X, Ox) = [Sal3l Theorem 2.1]. 

Inspired by this paper, we also study the cyclic covers of a smooth projective variety 
A ramified on a smooth divisor D. More precisely, suppose that there exist a line bundle 
L, a positive integer m > 1 and a non zero section s G r(A, L®'"), which defines D, 
i.e., (s) = D. Considering then the cyclic cover vr : Y — t- A of degree m branched over 
-D, we obtain a new pair (Y, A), with A a smooth divisor in a smooth projective variety 
Y . In this setting, we can prove that there exists a DGLAs morphism, from the DGLA 
associated with the pair {X,D) to the one associated with (Y, A), that is injective in 
cohomolgy (Proposition 15. 2| ). In particular, if the new pair (Y, A) has no obstructions, 
then the original pair {X,D) is also smooth (Remark 15. Sp . 

We also study the case of deformations of pairs (A, D), when D is a smooth divisor 
in I — mKx\, for some positive integer m. Using the cyclic covers, we we can prove that 
there deformations are unobstructed (Proposition 15.41) . i.e., we give an alternative proof 
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of |Sal3t Theorem 2.1] without the assumption H^{X, Ox) = 0. We refer the reader to 
|Sal3) for examples in the Fano setting and the relation with the unobstructedness of 
weak Fano manifold. 

The paper goes as follows. The first sections are included with the aim to make the 
paper readable and self-contained, although they increase the length of the paper. More 
precisely, in the first section we recall the definitions of the logarithmic differentials 
and the second section includes all the preliminaries on DGLAs, Cartan homotpy and 
cosimplicial constructions, such as the Thom- Whitney DGLA. In Section [3l we review 
the definition of the infinitesimal deformations of the pair {X,Z), for any closed sub- 
scheme Z G X of a. smooth variety X. We also prove, in a complete algebraic way, 
that the locally trivial infinitesimal deformations of {X, Z), are controlled by the DGLA 
TW{l/{,Qxi—^ogZ)), where U is an open affine cover of X (Theorem 13. 3p . Section H] is 
devoted to the algebraic proof of Theorem A (Theorem 14. ip and Theorem B (Corollary 
14. 4p together with some applications to deformation theory. In the last section we study 
cyclic covers of X ramified on a smooth divisor D and we relate the deformations of the 
pair {X,D) with the deformations of the pair (ramification divisor, cover). In particu- 
lar, we prove the unobstructedness of deformations of a pair {X,D), with D a smooth 
divisor in | — mKx\, for some positive integer m (Proposition 15. 4p . 

Notation. We work over an algebraically closed field IK of characteristic 0. 
Throughout the paper, we also assume that X is always a smooth projective variety 
over K. Actually, the main ingredient of the proof of Theorem A is the degeneration at 
level £^1 -level of the Hodge-de Rham spectral sequence and it holds for any X smooth 
proper over a field of characteristic [ DeI187| . 

By abuse of notation we denote by Kx both the canonical divisor and the canonical 
bundle of X. Set denotes the category of sets (in a fixed universe) and Art the category 
of local Artinian K.-algebras with residue field K. Unless otherwise specified, for every 
objects A € Art, we denote by its maximal ideal. 

Acknowledgement. The author wish to thank Richard Thomas for useful discussions and for 
pointing out the paper |K09j . and Marco Manetti for drawing my attention to the paper |Sal3) 
and for useful suggestions and comments, especially on Section 5. I also thank Taro Sano for 
comments and for pointing out a mistake in a previous version. The author is supported by the 
Marie Curie Intra-European Fellowship FP7-PEOPLE-2010-IEF Proposal N°: 273285. 

1. Review of logarithmic differential 

Let X be a smooth projective variety of dimension n and j : Z ^ X a closed 
embedding of a closed subscheme Z. We denote by Qxi—^ogZ) the sheaf of germs 
of the tangent vectors to X which are tangent to Z |Se061 Section 3.4.4]. Note that, 
denoting by Z C Ox the ideal sheaf of Z in X, then @x{— log Z) is the subsheaf of the 
derivations of the sheaf Ox preserving the ideal sheaf I of Z, i.e., 

ex(-logZ) = {/ G BeriOx,Ox) \ /(X) C I}. 

Remark 1.1. If Z is smooth in X, then we have the exact sequence 

^ ex(- log Z)^Qx^ Nz/x ^ 0. 

Note also that if the codimension of Z is at least 2, then the sheaf Qx{—^ogZ) is not 
locally free, see also Remark 11.31 
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Next, assume to be in the divisor setting, i.e., let Z) C X be a globally normal crossing 
divisor in X. With the divisor assumption, we can define the sheaves of logarithimc 
differentials, see for instance [DiTnl p. 72], |Kaw85j . |EV92[ Chapter 2] or [VcMl Chapter 
8]. For any k < n, we denote by O^(logD) the locally free sheaf of differential Re- 
forms with logarithmic poles along D. More explicitly, let t : V = X — D ^ X and 
n'j^{*D) = lim^f]^(z^-Z)) = nJl^. Then, {n*j^{*D),d) is a complex and (fi^^ (log D), d) 
is the subcomplex such that, for evey open U in X, we have 

T{U,Q,x(logD)) = {q € T{U,Q.xi*D)) \ a and da have simple poles along D}. 

Example 1.2. [Vo021 Chapter 8] In the holomorphic setting, il^(logD) is the sheaf of 
meromorphic differential forms uj that admit a pole of order at most 1 along (each com- 
ponent) of D, and the same holds for dco. Let zi, Z2, ■ ■ ■ , Zn be holomorphic coordinates 
on an open set U of X, in which DCiU is defined by the equation ziZ2 ■ ■ ■ Zr = 0- Then, 

dz ' dz ' 

ri^(log D)\u is a sheaf of free 0(7-modules, for which — — A • • • — — A dzj^ A • • • A dzj^ 
with is < r, is > r and I + m = k form a basis. 

Remark 1.3. The sheaves of logarithmic A:-forms r2y(logL') = A^'il^(log D) are locally 
free and the sheaf &x{— log D) is dual to the sheaf 0^(log D), so it is in particular locally 
free for D global normal crossing divisor. The sheaf of logarithmic n-forms (log D) = 
C^xiKx + D) is a line bundle called the logarithmic canonical bundle for the pair {X, D). 

The complex (17^^ (log D), d) is equipped with the Hodge filtration, which induces 
a filtration on the hypercohomology M*{X,0,xO-'^sD)). As for the algebraic de Rham 
complex, the spectral sequence associated with the Hodge filtration on fixO-OgD) has 
its first term equal to E^'*^ = H'^(X,Q^{log D)). The following degeneration property 
holds. 

Theorem 1.4. (Deligne) Let X he a smooth proper variety and D C X be a globally 
normal crossing divisor. Then, the spectral sequence associated with the Hodge filtration 

El''^ = H^{X,nP,{logD)) =^ MP+'^{X,n*x{logD)) 

degenerates at the Ei-level. 

Proof. This is the analogous of the degeneration of the Hodge-to-de Rham spectral 
sequence. As in this case, there is a complete algebraic way to prove it, avoiding analytic 
technique, see [PeTll Section 3], |DeI187| . |EV92[ Corollary 10.23] or [Vo02| Theorem 
8.35]). 

□ 

Definition 1.5. A log Calabi-Yau pair (X, D) is a pair where X is a smooth projective 
variety of dimension n, D is a smooth divisor and the logarithmic canonical bundle 
r2^(logD) is trivial. 

Example 1.6. Let X be a smooth projective variety and D an effective smooth divisor 
such that D e\- Kx\. Then, the sheaf 17^ (log D) = Ox{Kx + D) is trivial, i.e., the 
pair (X, D) is a log Calabi Yau pair. 

2. Background on DGLAs 

2.1. DGLA. a differential graded Lie algebra is the data of a differential graded vector 
space {L,d) together with a bilinear map [—,—]: L x L ^ L (called bracket) of degree 
0, such that the following conditions are satisfied: 
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(1) (graded skewsymmetry) [a, 6] = — (— 1)°- ''[6, a]. 

(2) (graded Jacobi identity) [a, [6,c]] = [[a,6],c] + {-lf\h, [a,c]]. 

(3) (graded Leibniz rule) d[a,h] = [da,h] + (-l)"[a, c?6]. 

In particular, the Leibniz rule implies that the bracket of a DGLA induces a structure 
of graded Lie algebra on its cohomology. Moreover, a DGLA is ahelian if its bracket is 
trivial. 

A morphism of differential graded Lie algebras x- L — >• M is a linear map that 
commutes with brackets and differentials and preserves degrees. 

A quasi-isomorphism of DGLAs is a morphism that induces an isomorphism in coho- 
mology. Two DGLAs L and M are said to be quasi-isomorphic, or homotopy equivalent, 
if they are equivalent under the equivalence relation generated by: L ~ M if there exists 
a quasi-isomorphism x- L M. A DGLA is homotopy ahelian if it is quasi-isomorphic 
to an abelian DGLA. 

Remark 2.1. The category DGLA of DGLAs is too strict for our purpose and we require 
to enhance this category allowing L^o morphisms of DGLAs. Therefore, we work in the 
category whose objects are DGLAs and whose morphisms are Loo morphisms of DGLAs. 
This category is equivalent to the homotopy category of DGLA, obtained inverting all 
quasi isomorphisms. Using this fact, we do not give the explicit definition of an Lqo 
morphism of DGLAs: by Lqo morphism we mean a morphism in this homotopy category 
(a zig-zag morphism) and we denote it with a dash-arrow. We only emphasize that an 
Loo morphism of DGLAs has a linear part that is a morphism of complexes and therefore 
it induces a morphism in cohomology. For the detailed descriptions of such structures 
we refer to [LS931 ILM951 lAfeMl [Fil03l IKon03l IGet04l lAfeM IFiMaOTlHaOg] . 

Lemma 2.2. Let /oo : Mi ---> M2 he a L^o morphism of DGLAs with M2 homotopy 
ahelian. If f^o induces an injective morphism in cohomology, then Mi is also homotopy 
ahelian. 

Proof See [KKPOSl Proposition 4.11] or pTTOl Lemma 1.10]. □ 

The homotopy fibre of a morphism of DGLA x- L M is the DGLA 

TW{x) ■■= {{l,m{t,dt)) e L X M[t,dt] \ m(0, 0) = 0, m(l, 0) = x(0}- 

Remark 2.3. If x- L — )• M is an injective morphism of DGLAs, then its cokernel M/x{L) 
is a differential graded vector space and the map 

TW{x) ^ (M/x(L))[-l], (/,p(t)mo + q{t)dtmi) ^ (^j^ q{t)dt^ mi (mod x(L)), 
is a surjective quasiisomorphism. 

Lemma 2.4. Let x- L M he an injective morphism of differential graded Lie alge- 
hras such that: x- H*{L) H*{M) is injective. Then, the homotopy fibre TW{x) is 
homotopy ahelian. 

Proof. [IMToI Proposition 3.4] or |IM13l Lemma 2.1]. 

□ 

Example 2.5. [IMIOI Example 3.5] Let IF be a differential graded vector space and 
let ?7 C be a differential graded subspace. If the induced morphism in cohomology 
H*{U) H*{W) is injective, then the inclusion of DGLAs 

X: {/ e Hom^(iy, W) \ f{U) CU] ^ Homi^(II^, W) 

satisfies the hypothesis of Lemma 12.41 and so the DGLA TW{x) is homotopy abelian. 
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2.2. Cartan homotopies. Let L and M be two differential graded Lie algebras. A 
Cartan homotopy is a linear map of degree —1 

i: M 

such that, for every a,b G L, we have: 

*[a,6] = ['ia,d]\iib] and [ia,ib] = 0. 
For every Cartan homotopy i, it is defined the Lie derivative map 

I: L ^ M, la = duia + ^d^a- 

It follows from the definiton of a Cartan homotopy i that Z is a morphism of DGLAs. 
Therefore, the conditions of Cartan homotopy become 

i[a,b\ = [ia,h] and [ia,ib] = ^- 
Note that, as a morphism of complexes, I is homotopic to (with homotopy i). 

Example 2.6. Let X be a smooth algebraic variety. Denote by Qx the tangent sheaf 
and by {W^,d) the algebraic de Rham complex. Then, for every open subset C/ C X, 
the contraction of a vector space with a differential form 

ex{u) ^''x\u) 

induces a linear map of degree —1 

i: Qx{U) ^Ylom*{n*x{U),n*x{U)), i^{uj) =^^uj 

that is a Cartan homotopy. Lideed, the above conditions coincide with the classical 
Cartan's homotopy formulas. 

We are interested in the logarithmic generalization of the previous example. 

Example 2.7. Let X be a smooth algebraic variety and D a normal crossing divisor. 
Let {Q^{log D),d) be the logarithmic differential complex and @xi— log D) the subsheaf 
of the tangent sheaf Qx of the derivations that preserve the ideal sheaf of D as in the 
previous section. It is easy to prove explicitly that for every open subset U C X, we 
have 

(Gx(- log !?)([/) J n''xi^ogD)iU))cn'j,-\logD){U). 
Then, as above, the induced linear map of degree —1 

i: ex{-logD){U)^Uom*{n*x{logD){U),n*x{logD){U)), i^M = ^jo; 
is a Cartan homotopy. 

Theorem 2.8. Let L, M be DGLAs and i: L ^ M a Cartan homotopy. Let N C M be 
a differential graded Lie subalgebra such that l(L) C and 

TW{x) = {{x, y{t)) G A X M[t, dt] \ y{0) = 0, y{l) = x} 

the homotopy fibre of the inclusion A ^ M . Then, it is well defined an Lqo morphism 

L--i TW{x). 

Proof. See |IM131 Corollary 7.5] for an explicit description of this morphism. We only 
note that the linear part, i.e., the induced morphism of complexes, is given by {l,i){a) := 
[lajtla + dtia), for any a ^ L. □ 
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2.3. Simplicial object and Cartan homotpy. Let Amon be the category whose 
objects are finite ordinal sets and whose morphisms are order-preserving injective maps 
between them. A semico simplicial differential graded Lie algebra is a covariant functor 
Amon DGLA. Equivalently, a semicosimphcial DGLA is a diagram 



5o > 01 ? 02 



where each is a DGLA, and for each i > 0, there are i + 1 morphisms of DGLAs 

dk,i-- Qi^i ^ Qi, k = 0,...,i, 

such that dk+i,i+idi^i = di^i+idk,i, for any k>l. 
In a semicosimplicial DGLA g^, the maps 

di = do,i-di,^ + ■■■ + {-!)' di,i 

endow the vector space Qi with the structure of a differential complex. Moreover, 
being a DGLA, each Qi is in particular a differential complex; since the maps dk,i are 
morphisms of DGLAs, the space g* has a natural bicomplex structure. We emphasise 
that the associated total complex 

(Tot(0^),dTot) where Tot(0^) = JJsiH], dTot = + {-ly dj 

i i,j 

has no natural DGLA structure. However, there is another bicomplex naturally associ- 
ated with a semicosimplicial DGLA, whose total complex is naturally a DGLA. 

For every n > 0, let {ApL)n be the differential graded commutative algebra of poly- 
nomial differential forms on the standard n-simplex {{t^, . . . ,tn) G K""'"^ | = 1} 
[FHTOlj : 

K[to, ■ ■ ■ ,tn, dto, . . . , dtn] 



{ApL)r 



Denote by 5'='": {ApL)n ^ (^pl) n-i, k = 0, ...,n, the face maps; then, there are 
well-defined morphisms of differential graded vector spaces 

5^ ®Id: {ApL)n «) 0n ^ {ApL)n-l ® 0n, 
Id^dk-. {ApL)n-l (S> 0n-l {ApL)n-l ^ 0n, 

for every < A; < n. The Thom- Whitney bicomplex is then defined as 
CrH/(0^) = {ixn)nGn G n^^^^)^ ® I i^^ ^ Id)xn = {Id ® dk)Xn-l, V < /c < n}, 

n 

where (^pl)^ denotes the degree i component of {Apl)^- Its total complex is denoted 
by {TW{q^), drw) and it is a DGLA, called the Thorn-Whitney DGLA. Note that that 
the integration maps 



/ (g)Id: (^pl)„ (g)g„ ^ = 0„ 



give a quasi-isomorphism of differential graded vector spaces 

/: {TW{Q^),dTw) ^ (Tot(0^),dTot). 
For more details, we refer the reader to |Whi57[ IJNaA87l IGet04l IFiMaOTllUUOS] . 
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Remark 2.9. For any semicosimplicial DGLA q^, we have just defined the Thom- 
Whitney DGLA. Therefore, using the Maurer-Cartan equation, we can associate with 
any a deformation functor, namely 

Def7-^(gA) : Art Set, 

MCTwis^M) ^ r^(g^)^ I dx + ^[x,x] = 0} 

DefTiy{0A)(^) - gauge ~ exp(rW(0^)° O niA) ' 

In particular, the tangent space to ^efrp^y^^^A-^ is 

and obstructions are contained in 

H\TW{q^)) ^ H^{Tot{g^)). 

Example 2.10. Let £ be a sheaf of differential graded vector spaces over an algebraic 
variety X and U = {Ui} an open cover of X; assume that the set of indices i is totally 
ordered. We can then define the semicosimplicial DG vector space of Cech cochains of 
£ with respect to the cover U: 



m) ■■ a, i^m =^ Wi<, m^^) ^ u^<i<k mjk) 



the coface maps 9h : ^(C^io-ifc-i) ^ U £(?7io-i J are given by 

«0<---<*fc-i io<---<ik 

db(x)in i, = X- ^ . , , for /i = 0, . . . , /c. 

The total complex Tot{C{h()) is the associated Cech complex C*{U, C) and we denote 
by TW{U, C) the associated Thom- Whitney complex. The integration map TW{IJ, C) — >• 
C*(U,C) is a surjective quasiisomorphism. If £ is a quasicoherent DG-sheaf and every 
Ui is affine, then the cohomology of TW{U, C) is the same of the cohomology of C. 

Example 2.11. |FIM09t [FMM12j If each Qi is concentrated in degree zero, i.e., is a 
semicosimplicial Lie algebra, then the functor Bq^tw{<}^) another explicit descrip- 
tion; namely it is isomorphic to the following functor: 

Hl^{e:x.-p Q^) : Art Set 

ff,,(expg ){A) = , 

where x ~ y if and only if there exists a € go ^ ttia, such that Q-9ia.^x ^doa _ ^ 

In particular, let Z C AT be a closed subscheme of a smooth variety X and U = {Ui} 
an open afhne cover of X and consider g^ = TW{ex{-\ogZ){U)). Then, for every 
A € Art, we have 



{{^■^3} g Qx{-\ogZ){U,j)®mA I e"^''e-"^''e"^i = 1} 



where a; ~ y if and only if there exists {aj}j G J^- 0x(— log ® m.A, such that 



The notion of Cartan homotopy is related to the notion of calculus and it can be 
extended to the semicosimplicial setting. 
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Definition 2.12. |TT051 IIM13] Let L be a differential graded Lie algebra and V a 
differential graded vector space. A bilinear map 

LxV — ^ V 

of degree —1 is called a calculus if the induced map 

i: L ^ HomJ(y,y), ii{v)=ljv, 

is a Cartan homotopy. 

Definition 2.13. Let be a semicosimplicial DGLA and a semicosimplicial dif- 
ferential graded vector space. A semicosimplicial Lie-calculus 

gA ^ ^ yA^ 

is a sequence of calculi Qn x Vn Vn, n > 0, commuting with coface maps, i.e., 
dk{ljv) = dk{l)jdk{v), for every k. 

Lemma 2.14. Every semicosimplicial calculus 

gA X ^ yA 

extends naturally to a calculus 

TW{q^) X TW{V^) TW{V^). 
Therefore, the induced map 

i: TW{q^) }iom^{TW{V^),TW{V^)) 

is a Cartan homotopy. 

Proof. [lUm Proposition 4.9]. □ 

Example 2.15. Let X be a smooth algebraic variety and D a normal crossing divisor. 
Denote by (03(^(log D), d) the logarithmic differential complex and Qx{—^ogD) the 
usual subsheaf of Qx preserving the ideal of D. 

According to Example 12.71 for every open subset U C X, we have a contraction 

ex {- log D){u) X n*x{iog D){u) n*j,{iog D){u). 

Since it commutes with restrictions to open subsets, for every affine open cover U of X, 
we have a semicosimplicial contraction 

Qx {- log D){U) X n*x{log D){U) ^ n*j,{log D){U). 

Finally, according to Lemma l2.14( we have a Cartan homotopy 

i : TW {Ox {- log D){U)) Horn* {TW{n*x (log D){U)),TW{n*x (log D){U))). 

3. Deformations pairs (X,Z) 

Let Z C X he a closed subscheme of a smooth variety X and denote hy j : Z ^ X 
the closed embedding. Note that now we are not assuming neither Z divisor nor Z 
smooth. We recall the definition of infinitesimal deformations of the closed embedding 
j : Z ^ X, i.e., infinitesimal deformations of the pair (X,Z); full details can be found 
for instance in \Se06\ Section 3.4.4] or |Kaw78] . 

Definition 3.1. Let A € Art. An infinitesimal deformation of j : Z ^ X over Spec(A) 
is a diagram 
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X 





Spec(^), 

where p and tt are flat maps, such that the diagram is isomorphic to j : Z ^ X via the 
puhback Spec(]K) Spec(j4). Note that J is also a closed embedding |Se06l pag 185]. 
Given another infinitesimal deformation of j: 

J' 



X' 





Spec(A), 

an isomorphism between these two deformations is a pair of isomorphisms of deforma- 
tions: 

a:Z^Z', f3:X^X' 
such that the following diagram 

J 




is commutative. The associated infinitesimal deformation functor is 

Def(x,z) : Art Set, 
Def(x,z)(^) = {isomorphism classes of infinitesimal deformations of j over Spec(yl)}. 



Furthermore, we define the sub-functor 



Def'(x,z) : Art 



Set, 



Bef't 



(x,z) — {isomorphism classes of locally trivial infinitesimal deformations of j over Spec(^)}. 

Remark 3.2. Since every affine non singular algebraic variety is rigid |Se061 Theorem 
1.2.4], whenever Z C X is smooth, every deformation of j is locally trivial and so 
Def(x,z) = Def'(x,z)- 

Let U = {Ui}i(.i be an affine open cover of X and TW{Qxi-^ogZ){U)) the DGLA 
associated to the sheaf of Lie algebras Qxi—^ogZ) as in Example 12.101 

Theorem 3.3. In the assumption above, the DGLA TW{Qxi—^og Z){U)) controls the 
locally trivial deformation of the closed embedding j : Z ^ X, i.e., there exists an 
isomorphism of deformation functors 



Def^ 



Def',, 



'-TWiexi-logZ){U)) - ^'=^{X,Z) ■ 

In particular, if Z C X is smooth, then B&iTW{0xi-'^ogZ){u)) — Def(x,z)- 

Proof. See also [SeOGj Proposition 3.4.17], |Ial01 Theorem 4.2]. 

Denote by V = {Vi = Ui (1 Z}i^i the induced affine open cover of Z. Every locally 
trivial deformation of j is obtained by the gluing of the trivial deformations 

Vi V, X Spec(^) 



Ui 



Ui X Spec(^), 
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in a compatible way along the double intersection Vij x Spec(j4) and Uij x Spec(74). 
Therefore, it is determined by automorphisms of the trivial deformations, that glues 
over triple intersections, i.e., by pairs of automorphisms {(fij , (pij) , where 

(fij : Vij X Spec(A) Vij x Spec(j4) and (pij : Uij x Spec(j4) — )• Uij x Spec(A) 

are automorphisms of deformations, satisfying the cocycle condition on triple intersec- 
tion and such that the following diagram 

Vij X Spec(^) — ^ Vij X Spec(^) 



Uj X Spec(^) 9- Uij X Spec(^) 

commutes. Equivalently, we have (pij^y.. = fij- Since we are in characteristic zero, we 

can take the logarithms so that (pij = e'^'J , for some dij G Qz{yij) ® ^A, and (pij = 
e^*J , for some Dij € Qx{Uij) ® mA- The compatibility condition is equivalent to the 
condition Dij G T{Uij, Qx{— log Z))®vn.A- Summing up, a deformation of j over Spec(A) 
corresponds to the datum of a sequence {Dij}ij € Hij log Z)){Uij)0mA satisfying 

the cocycle condition 

(1) gDj^^-Dik^Dij ^ M i<j <kel. 

Next, let J' be another deformation of j over Spec(A). To give an isomorphism of 
deformations between J and J' is equivalent to give, for every i, an automorphism aj 
of Vi X Spec(74) and an automorphism /3j of Ui x Spec(A), that are isomorphisms of 
deformations of X and Z, respectively, i.e., for every i < j, tpij = Oi^^ip'^j^^aj and 
(l>ij = Pi~^4'ij~^ Pj- Moreover, they have to be compatible, i.e., the following diagram 

Vi X Spec(A) ^ Ui x Spec(^) 

Vi X Spec(A) ^ Ui X Spec(^) 

has to commutes for every i. 

Taking again logarithms, an isomorphism between the deformations J and J' is 
equivalent to the existence of a sequence {ai}i € Gx(— log 2')(?7j) (Si vxa, such that 
g-iig ij^aj _ gi^ij ^ Then, the conclusion follows from the explicit description of the 
functor 'DefTwiOxi- log z){U)) given in Example [2JJJ □ 

Remark 3.4. If Z = 0, then we are analysing nothing more than the infinitesimal de- 
formations of the smooth variety X and they are controlled by the tangent sheaf, i.e., 
Def 7^14/(0^ (^)) = Defx, for any open affine cover U oi X [IMIOI Theorem 5.3]. 

Example 3.5. In the case K = C, we can consider the DGLA ^^*(ex(- log Z)) = 
®ir{X,A°^\ex{-logZ))), as an explicit model for TW {@x{- log Z)iU)) paOTl Sec- 
tion 5]. 

4. Obstruction map for the pair {X, D) 

In this section, we analyse obstructions for pairs such that the sub variety is a divisor, 
so that we can make use of the be the logarithmic differential complex {Vt*^{\ogD), d). 
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Theorem 4.1. Let X be a smooth projective variety of dimension n, defined over an al- 
gebraically closed field of characteristic and D C X a smooth divisor. If the contraction 
map 

(2) H*{X,ex{-logD))^Rom*{H*{X,n"^{logD)),H*{X,n^^-HlogD))) 

is injective, then, for every affine open cover U of X, the DGLA TW{@x{—^ogD)){U) 
is homotpy abelian. 

Proof. According to Lemma 12.2^ it is sufficient to prove the existence of a homotpy 
abehan DGLA H and a Loo-morphism TVF(0y(— log L'))(Z//) H that is injective in 
cohomology. We use the Cartan homotpy to construct the morphism, as in Theorem 
12.81 and the homotopy fibre construction to provide an homotpy abehan DGLA H, as 
in Lemma |2.4[ 

Let U be an affine open cover of X. For every i < n, denote by C{U,Q^-^(logD)) the 
Cech complex of the coherent sheaf r2^(logZ)), and C{U,Q^{logD)) the total complex 
of the logarithmic de Rham complex Q'^(\ogD) with respect to the cover U, as in 
Example 12.101 We note that 

c{u,n3,{iogD)y= c'(iY,o^(iogD))^ 

a+b=i 

and that C{U,n'^{logD)) is a subcomplex of C{U,n*x{log D)). 

We also have a commutative diagram of complexes with horizontal quasi-isomorphisms: 

C{U, f]^(log D)) TW {n^xilog D){U)) 



C{U, n\ (log D)) TW{Q.\ (log D){U)). 

According to Theorem [T31 the spectral sequence associated with the Hodge filtration 
degenerates at the ii^i-level, where E^''^ = H'^{X,VL^-^{\ogD)); this implies that we have 
the following injections: 

H*{X,^l\{\ogD)) = H*{C{U,^\{\ogD)))^H*{C{U,^\{\ogD))). 



H*iX,n^^-\\ogD)) = H*{C{U,n^£\\ogD))) ^ H* 



C{U,n\{\ogD)) 
C{U,n^^{logD)) 



Thus, the natural inclusions of complexes 

TW{^}^^{\ogD){U)) ^ TW{n*^{logD){U)), 



.n-ln„„^^...^^ . TW (log D)iU)) 



TW{ni-\\ogD){U)) 



TW{^\{\ogD){U)y 

induces injective morphisms in cohomology. 

Therefore, considering the differential graded Lie algebras 

M = Ylom*{TW{9.*x{\ogD){U)),TWVL*x{\ogD){U)), 

L = {fGM\ fiTWrnilogUm)) C TWmi'^ogDm)}, 

and denoting by -^^ ~^ -^^ the inclusion, Lemma 12.41 implies that the homotopy fibre 
TW{x'^) is homotpy abelian. Next, we provide the existence of a morpshim to this 
homotpy abelian DGLA. 
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According to Example I2.15( it is well defined the Cartan homotopy 

i: TW{Qx{-^ogD){U)) ^Y{oxn*{TW{Q.*x{\ogD){U)),TW{Q.*x{\ogD){U))). 
In particular, for every ^ G TW{Qx{—^ogD){lA)) and every k, we note that 
ii:{TW{n\{\ogD){U))) C TW{^l]^\\ogD){U)), 

li:{TW{n\{\ogD){U)))ciTW{n\{\ogD){U)), l^ = di^ + id^. 

Therefore, l{TW{@x{—^ogD){U))) C L and so, by Theorem 12.81 there exists an 
Loo-morphism 

TW {Qxi- log D){U)) --1 TWix"^). 
Finally, since the map x iii injective, according to Remark 12.3^ its homotopy fibre 
TW{x^) is quasi-isomorphic to the suspension of its cokernel 

co.e..MHHo.-(x.(.,ao..).,) 4;:igi;:^°;;^;; ). 

In conclusion, since the Loo-niorphism induces a morphism of complexes, we have the 
following commutative diagram of complexes 

TW{ex{-logD){U)) — ^TW{x^) 



Hom* {TW{n'^i\ogD){U)),TW{n']^-\logD){U))) ^Cokerx[-l]. 

By the assumption of the theorem, together with |NaA871 3.1], the left-hand map is 
injective in cohomology. Since a is also injective in cohomology, we conclude that the 
Loo-inorphism (/,«) is injective in cohomology. 

□ 

Theorem 4.2. Let X be a smooth projective variety defined over an algebraically closed 
field of characteristic and D C X a smooth divisor. Then, the obstructions to the 
deformations of the pair {X, D) are contained in the kernel of the contraction map 

H\Qx{{-\ogD))) ^\{^o^{HPm\{\ogD)),HP+\{ni-\\ogD)). 

p 

Proof. Following the proof of Theorem 14. 11 for every affine open cover lA of X, there exists 
an Loo-morphism TW {Qx{{- log D){U))) TW{x'^) such that TW{x'^) is homotpy 
abelian. Therefore, the deformation functor associated with TW{x'^) is unobstructed 
and the obstructions of Def(x,D) — ^^^TW(ex(i-iogD){u)) contained in the kernel of 
the obstruction map H'^iTot{exi{-log D){K))) H'^{Tot{x^)). □ 

Remark 4.3. In the previous theorem, we prove that all obstructions are annihilated by 
the contraction map; in general, the T^-lifting is definitely insufficient for proving this 
kind of theorem, see also [lalll IMa09] . 

Corollary 4.4. Let lA = {Ui} be an affine open cover of a smooth projective variety X 
defined over an algebraically closed field of characteristic and D C X a smooth divisor. 
If{X,D) is log Calabi-Yau, then the DGLA TW{Qx{— log D))(hl) is homotopy abelian. 

Proof. Let n be the dimension of X, then by definition the sheaf QJ^{[ogD) is trivial 
(Definition II. Sp . Therefore, the cup product with a nontrivial section of it gives the 
isomorphisms log -D)) ~ W{X,Q.'^^{logD)). Then, the conclusion follows 

from Theorem 14.11 □ 
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Corollary 4.5. Let X be a smooth projective variety defined over an algebraically closed 
field of characteristic and D C X a smooth divisor. If {X,D) is log Calabi-Yau, i.e., 
the logarithmic canonical bundle ^\{\ogD) = 0{Kx+D) is trivial, then the pair (X, D) 
has unobstructed deformations. 

Proof. By Theorem 13. 3| for every affine open cover hi of X, there exists an isomorphism 
of functor Def(x,_D) — ^^^TW{{ex{(-^ogD))(u)) - Then, Corollarv 14.41 implies that they are 
both smooth. □ 

Remark 4.6. For the degeneration of the spectral sequence associated with the logarith- 
mic complex, it is enough to have a normal crossing divisor in a smooth proper variety 
X (Theorem II. 4p . Therefore, we can still perform the same computation of Theorem 
14.11 and prove that the obstructions to the locally trivial deformations of a pair (X, D), 
with X smooth proper variety and D normal crossing divisor, are contained in the ker- 
nel of the contraction map ([2]). Analogously, if the sheaf ^\{\ogD) is trivial, the above 
computations prove the unobstructdness for the locally trivial deformations of the pair 
{X,D). 

5. Cyclic covers 

Let X be a smooth projective variety over an algebraically closed field K of character- 
istic 0. If X has trivial canonical bundle, then the deformations of X are unobstructed. 
It is actually enough that the canonical bundle is torsion, i.e., there exists m > such 
that Kf^ = Ox, see for instance [RaMl Corollary 2], |Ma04al Corollary B], pTTOl 
Corally 6.5]. Indeed, consider the unramified m-cyclic cover defined by the line bundle 
L = Kx, i.e., TT : Y = Spec(0™ L-') X. Then, TT is a finite flat map of degree m 
and y is a smooth projective variety with trivial canonical bundle {Ky — 7r*Kx — Oy) 
and so it has unobstructed deformations. Let U = {Ui\i be an affine cover of X and fix 
V = {K-'^{Ui)}i the induced cover of Y . Then, the pull back map induces a morphism of 
DGLAs TW{Qx{U)) TW{Qy{V)) that is injective in cohomology; since the DGLA 
TT^(0y(V)) is homotopy abelian, by Lemma \2.2\ TWiQvilA)) is also homotopy abelian 
and so Defx is unobstructed [IMIO, Theorem 6.2]. 

As observed in Remark 13.41 the infinitesimal deformations of X can be considered as 
deformations of the pair (X, D) with D = Q. Then, according to the litaka's philosophy 
and inspired by |Sal3] , the idea is to extend the previous computations to the logarithmic 
case, i.e., a pair (X, Z)) with D a smooth divisor, by considering cyclic covers of X 
branched on the divisor D (indeed, if Z) = we obtain the unramified covers). 

We firstly recall some properties of these covers; for full details see for instance |Pa91j . 
|EV92l Section 3] or |KM98t Section 2.4]. Suppose we have a line bundle L on X, a 
positive integer m>\ and a non zero section s € r(X, L®"^) which defines the smooth 
divisor D C X. The cyclic cover n : Y X of degree m and branched over D is, 
in the language of |Pa91| . the simple abelian cover determined by its building data 
L and D, such that mL = D, associated with the cyclic group G of order m. The 
variety Y = Spec(0™Q^ L~^) is smooth and there exists a section s' € T{Y,tt*L), with 
(s')"* = 7r*s. The divisor A = (s') is also smooth and maps isomorphically to D so that 
TT*D = mA and Tr*L = Oy(A). Moreover, 

m—l 

TT.Oy = L~\ Ky = ■K*Kx CS> OY{{m - 1)A) = 7r*{Kx ^ L"^'^) 

i=0 

and 

7r*17^(logL>) ^ l^VOog^) for all i; 
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in partic ular, K y ® Oy (A) = 7r*(ii"x) O Cy (M^) = i^* {K x ® O x{D)) [EV921 Lemma 
3.16] or piOil Proposition 4.2.4]. 

Since tt is a finite map, for any sheaf on y, the higher direct images sheaves vanish 
and so the Leray spectral sequence -Eg"^ = HP{X, R'^tt^T) =^ H'^'^'^iY^F) degenerates at 
level E2] therefore, it induces isomorphisms : H'p{X, tt^T) = H^iY, F), M p. In particular, 
for any locally free sheaf £^ on X we have: 

and by the projection formula 

m—l 

t:^t:*£ ^ tt4tt*£ Oy) = £ ® vr.Oy ^ f (g) L-\ 

1=0 

Remark 5.1. Note that, the m-cyclic group G acts on 7r*7r*£^: the invariant summand of 
7r^,7r*£' is (7r*7r*f = £, while £ L®~* is the direct summand of Tr^7r*£ on which G 
acts via multiplication by (C™ = !)• 

Then, for any locally free sheaf on X 

(3) HP{X, £ (g) L-') C HP{X, TT^TT*£) ^ HP{Y, tt*£), V p, i. 
and in particular 

(4) HP{X, £) C HP{X, TT,TT*£) ^ HP{Y, tt*£), V p. 

Proposition 5.2. In the above notation, let tt : Y ^ X be the cyclic cover of degree 
m branched over D and tt*D = mA. Let lA = {Ui}i be an affine open cover of X and 
V = {TT^^{Ui)}i the induced affine cover ofY; then the pull back define a morphism of 
DGLAs 

TW{Qx{- logD){U)) TWiByi- log A)(V)) 
that is infective in cohomology. 

Proof. Let U d X he affine open subset and V = 7r^^(C/). Then, the pull back map 
induce a morphism Qx{— log D){U) '?r*0x(— log D){y), that behaves well under the 
restriction to open sets. Therefore, fixing an affine cover lA = {Ui}i of X and denoting 
by V = {7r~^(C/j)}j the induced affine cover of Y , the pull back map induces a morphism 
of DGLAs 

TW [Qxi- log D){U))^TW{tt*@x{- log D){V)). 

Since 7r*0^(logD) ^ J]^(logA), we have ■n*@x{-logD) ^ ey(-log A). Moreover, the 
pull back morphism 

ex(-iogz)) 4^*ex(-iogD) = ey(-iogA) 

induces injective morphisms on the cohomology groups. Indeed, H^{X, Qxi— log D)) is a 
direct summand of -H'*(X,7r*^* ex (- log £>)) = H'{Y,TT*ex{-log D)) ^ F*(y, Oy (- log A)). 
It follows that the induced DGLAs morphism 

TW{Qx{- log D){U)) TWieri- log A)(V)) 
is injective in cohomology. 

n 
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Remark 5.3. The DGLAs morphism TW {Qxi- log D){U)) rTy(ey (- log A)(V)), 
induces a morphism of the associated deformation functor 

Def(x,z)) Def (y^A) • 

According to Lemma 12.21 if TI^(0y(— log A)(V)) is homotopy abelian, so that the 
deformations of the pair {Y,A) are unobstructed, then TW{@x{— log D){l/() is also 
homotopy abelian and so the deformations of the pair (X, D) are also unobstructed. In 
particular, this happen if the pair (Y, A) is log Calabi-Yau. Note that this is a sufficient 
but not necessary condition for the unosbtructedness of {X,D), as in the following 
example. 

Proposition 5.4. Let X be a smooth projective variety and D a smooth divisor such 
that D G \ —mKx\, for some positive integer m. Then, the DGLATW{Qx{— log D){U)) 
is homotopy abelian and so the deformations of the pair {X, D) are unobstructed. 

Proof. Consider the m-cyclic cover ti : Y ^ X branched over D defined by the line 
bundle L = Kf~^ together with a section s G H^{X,L®'^) defining D. Note that 
n\{logD)®L®-'"^+^ ^ L®-"'(g)OxiD) ^ Ox{mKx + D) ^ Ox- Defining A as before, 
i.e., TT*D = niA, we also have 

Ky = TT*Kx (E) Oy((m - 1)A) = tt*{Kx «> L®™-^) = 7r*(L®'"-2) 

and in particular, 

Ky ® Oy(A) = 7t*{Kx Ox{D)) = 7r*(L®'"-i). 
According to Equations ([3]) and we have the following inclusions 

H^iY, ey (- log A)) D HP{X, 7r,(ey (- log A))™^) - H^iX, Qxh log D)) Vp, 

i/P(y,rj?.(logA)) D HP{X,9.\{logD) ® L^-') V p, a, i; 
in particular for a = n, p = and i = m — 1, we have 

H^{Y, ^miog A)) D H^{X, ^\{logD) ® ^ Ox). 

Then the constant section of Ox gives a section u of the logarithmic canonical bun- 
dle r^y (log A), vanishing only on A (of order m — 1). In particular, the cup prod- 
uct with u G ii'°(X,Q^(logL») (»L®-'^+i), gives isomorphisms HP{X,ex{-logD)) ^ 
HP {X,^"^^^ {log A) ® L®-'^+i), for ah p. 

Therefore, the following composition 

HP{Y, By (- log A)) Hi Hom(/fJ(y, f7^(log A)), W+p{Y, ni-\log A))) 

j JU) 

HP {X, Qx{- log D)) HP{X,n''^-\logA) ^ 1®-'^+'^) 

is injective and in particular the composition i o j is injective, for all p. 

According to Proposition 15.21 fixing an affine cover U = {Ui}i of X and denoting by 
V = {7r^^(C/i)}i the induced affine cover of Y, the pull back map induces a morphism of 
DGLAs 

TW{@x{- log D){U)) TW{<dY{- log A)(V)) 
that is injective in cohomology. Finally, as in the proof of Theorem 14.11 denote by 
TWix^) homotopy abelian differential graded Lie algebra associated with the in- 
clusion X ■ L M, with 

M = Hom*(rVF(Jly(log A)(V)),ri^rjy(log A)(V)), 
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L = {/ G M I /(rH^(f]^(log A)(V))) C TW{n^{\o^/\){V))}. 
Then, the composition morphism 

TW {Qx{-\og D){U)) rT^(eY(-logA)(V)) TW{x^). 

is injective in cohomolgy and so by Lemma 12. 2| the DGLA TW{Qx{—^ogD)(lA)) is 
homotopy abehan. 

□ 

Remark 5.5. The previous proposition is a generahsation of |Sal3l Theorem 2.1], avoid- 
ing the assumption H^{X,Ox) = 0. Moreover, if H^{D, N^\x) = 0; then D is stable 
in X, i.e., the forgetting morphism (j) : Def(^x,D) ~^ Defx is smooth; this impUes that 
the deformations of X are unobstructed, e.g., deformations of weak Fano manifolds are 
unobstructed |Sal3l Theorem 1.1]. 

References 

[Au07] D. Auroux, Mirror symmetry and T-duality in the complement of an anticanonical divisor, J. 
Gokova Geom. Topol. 1, (2007), 51-91; arXiv : 0706. 3207. E] 

[Au09] D. Auroux, Special Lagrangian fibrations, wall-crossing, and mirror symmetry, Surveys in Differ- 
ential Geometry, Vol. 13, H.D. Cao and S.T. Yau Eds., Intl. Press, (2009), 1-47; arXiv: 0902. 1595. 

El 

[Bo78] F. Bogomolov, Hamiltonian Kdhlenan manifolds, Dokl. Akad. Nauk SSSR, 243, (1978), 1101- 
1104. Soviet Math. Dokl., 19, (1979), 1462-1465 .[1] 

[CG08] X.Z. Cheng and E. Getzler, Homotopy commutative algebraic structures, J. Pure Appl. Algebra, 
212, (2008), 2535-2542; arXiv:math. AT/0610912. [7] 

[De70] P. Deligne, The Equations differentielles a points singuliers reguliers. Lecture Notes in Mathe- 
matics, 163, Springer- Verlag, New York/Berlin, (1970). g] 

[De71] P. Deligne, Theone de Hodge U, Inst. Hautes Etudes Sci. Publ. Math., 40, (1971), 5-57. g] 

[DeI187] P. Deligne and L. lUusie, Relevements modulo et decomposition du complexe de de Rham, 
Invent. Math., 89, (1987), 247-270. US] 

[EV92] H. Esnault, E. Viehweg, Lectures on vanishing theorems, DMV Seminar, 20, Birkhauser, Verlag, 
Basel, (1992). [2 [H [15] 

[FM99] B. Fantechi and M. Manetti, On the -lifting theorem, J. Algebraic Geom., 8, (1999), 31-39. [2 

[FHTOl] Y. Felix, S. Halperin and J. Thomas, Rational homotopy theory. Graduate texts in mathemat- 
ics, 205, Springer- Verlag, New York Berlin, (2001). [7] 

[FiMa07] D. Fiorenza and M. Manetti, Loo structures on mapping cones, Algebra Number Theory, 1, 
(2007), 301-330; arXiv:math.QA/0601312. [5l[7] 

[FIM09] D. Fiorenza, D. lacono and E. Martinengo, Differential graded Lie algebras controlling infini- 
tesimal deformations of coherent sheaves, J. Eur. Math. Soc. (JEMS), 14, (2012), no. 2, 521-540; 
arXiv:0904.1301v3 [math . QA] . [8] 

[FMM12] D. Fiorenza, M. Manetti and E. Martinengo, Semicosimplicial DGLAs in deformation theory. 
Communications in Algebra 40, Iss. 6, (2012), 2243-2260; arXiv: 0803 . 0399v2 [math . QA] . [S] 

[Fu03] K. Fukaya, Deformation theory, homological algebra and mirror symmetry. Geometry and physics 
of branes (Como, 2001), Ser. High Energy Phys. Cosmol. Gravit., lOP Bristol, (2003), 121-209. [5] 

[GetOl] E. Getzler, Lie theory for nilpotent L^a- algebras, Ann. of Math., 170, (1), (2009), 271-301; 
arXiv:math/0404003v4. [5] [3 

[GM90] W.M. Goldman and J.J. Millson, The homotopy invariance of the Kuranishi space, Illinois J. 
Math., 34, (1990), 337-367. [T] 

[H076] E. Horikawa, On deformations of holomorphic maps U, J. Math. Soc Japan, 26, (1974), 647-667. 

[Ia08] D. lacono, Lao-algebras and deformations of holomorphic maps. Int. Math. Res. Not., 8, (2008), 
36 pp.; arXiv : 0705. 4532. [S] 

[lalO] D. lacono. Deformations of algebraic subvarieties. Rend. Mat. Appl., (7) 30, (2010), no. 1, 89-109; 
arXiv: 1003.3333. [Tni 

[lall] D. lacono, A semiregularity map annihilating obstructions to deforming holomorphic maps, Canad. 

Math. Bull 54, (2011), no. 3, 472-486; arXiv : 0707. 2454. [T3l 
[IMIO] D. lacono and M. Manetti, An algebraic proof of Bogomolov-Tian-Todorov theorem. Deformation 

Spaces, 39, (2010), 113-133; arXiv : 0902 . 0732v2 [math . AG1 . [Tl El [51 [91 [TTI [HI 



18 



DONATELLA lACONO 



[IM13] D. lacono and M. Manetti, Semiregularity and obstructions of complete intersections, Advances 

in Mathematics, 235, (2013), 92-125; arXiv: 1112 . 0425 [math. AG] . [3 [6l [9] 
[KKP08] L. Katzarkov, M. Kontsevich and T. Pantev, Hodge theoretic aspects of mirror symmetry, From 

Hodge theory to integrabihty and TQFT tt*-geometry, Proc. Sympos. Pure Math., 78, Amer. Math. 

Soc, Providence, (2008), 87-174; arXiv:0806.0107vl [math . AG] . [1 [5] 
[Kaw78] Y. Kawamata, On deformations of compactifiable complex manifolds. Math. Ann., 235 no. 3, 

(1978), 247-265. i] 

[Kaw85] Y. Kawamata, Minimal models and the Kodaira dimension of algebraic fiber spaces, J. Reine 

Angew. Math., 363, (1985), 1-46.11 
[Kaw92] Y. Kawamata, Unobstructed deformations - a remark on a paper of Z. Ran, J. Algebraic 

Geom. 1, (1992), 183-190. [1] 
[KM98] J. KoUar and S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math- 
ematics, 134; Cambridge University Press, Cambridge, (1998). With the collaboration of C. H. 

Clemens and A. Corti, Translated from the 1998 Japanese original. [14] 
[Kon03] M. Kontsevich, Deformation quantization of Poisson manifolds, I, Letters in Mathematical 

Physics, 66, (2003), 157-216; arXiv:q-alg/9709040. [S] 
[K09] M. Kontsevich, Generalized Tian-Todorov theorems, Available at 

http://www.ihes.fr/ maxim/TEXTS/Kinosaki.pdf [21 [3 
[LM95] T. Lada and M. Markl, Strongly homotopy Lie algebras. Comm. Algebra 23, (1995), 2147-2161; 

arXiv:hep-th/9406095. \5\ 
[LS93] T. Lada and J. Stasheff, Introduction to sh Lie algebras for physicists. Int. J. Theor. Phys., 32, 

(1993), 1087-1104; arXiv:hep-th/9209099. [S] 
[La04] R. Lazarsfeld, Positivity in algebraic geometry. L Classical setting: line bundles and linear series, 

A Series of Modern Surveys in Mathematics, 48, Springer- Verlag, Berlin, (20041. [T51 
[Ma04a] M. Manetti, Cohomological constraint to deformations of compact Kdhler manifolds, Adv. 

Math., 186, (2004), 125-142; arXiv: math ■AG/0105175. [Til 
[Ma02] M. Manetti, Extended deformation functors. Int. Math. Res. Not., 14, (2002), 719-756; 

arXivrmath. AG/9910071. [3 
[Ma04] M. Manetti, Lectures on deformations of complex manifolds. Rend. Mat. AppL, (7) 24, (2004), 

1-183; arXiv : math. AG/0507286. [H [51 
[Ma09] M. Manetti, Differential graded Lie algebras and formal deformation theory, in Algebraic Geom- 
etry: Seattle 2005, Proc. Sympos. Pure Math., 80, (2009), 785-810. [T3l 
[Ma07] M. Manetti, Lie description of higher obstructions to deforming submanifolds, Ann. Sc. Norm. 

Super. Pisa CI. Sci., 6, (2007), 631-659; arXiv:math. AG/0507287vl. [TTl 
[Mat07] k. Matsuki, Introduction to the Mori program, Universitext. Springer- Verlag, New York, (2002). 

m 

[NaA87] V. Navarro Aznar, Sur la theorie de Hodge-Deligne, Invent. Math., 90, (1987), 11-76. [71 [T3l 
[Pa91] R. Pardini, Abelam covers of algebraic varieties, J. Reine Angew. Math., 417, (1991), 191-213. 

[m 

[Ra92] Z. Ran, Deformations of manifolds with torsion or negative canonical bundle, J. Algebraic Geom., 

1, (1992), 279-291. [Tl[l [111 
[Sal3] T. Sano, Unobstructedness of deformations of weak Fano manifolds; preprint arXiv : 1302 . 0705 

[math. AG]. [1 [31 [H [171 

[Se06] E. Sernesi, Deformations of Algebraic Schemes, Grundlehren der mathematischen Wis- 

senschaften, 334, Springer- Verlag, New York Berlin, (2006). [^ [51 [91 [TU1 
[TT05] D. Tamarkin and B. Tsygan, The ring of differential operators on forms in noncommutative 

calculus, Graphs and patterns in mathematics and theoretical physics, Proc. Sympos. Pure Math., 

73, Amer. Math. Soc, Providence, RI, (2005), 105-131. [H 
[Ti87] G. Tian, Smoothness of the universal deformation space of compact Galabi-Yau manifolds and its 

Petersson-Weil metric. Mathematical Aspects of String Theory (San Diego, 1986), Adv. Ser. Math. 

Phys. 1, World Sci. Publishing, Singapore, (1987), 629-646. [H 
[To89] A.N. Todorov, The Weil-Petersson geometry of the moduli space of SU{n > 3) (Calabi-Yau) 

Manifolds I, Commun. Math. Phys., 126, (1989), 325-346. [H 
[Vo02] C.Voisin, Theorie de Hodge et geometric algebrique complexe I, Societe Mathematique de France, 

Paris, (2002). [1 

[Whi57] H. Whitney, Geometric integration theory, Princeton University Press, Princeton, N. J., (1957). 

m 



DEFORMATIONS AND OBSTRUCTIONS OF PAIRS (X, D) 



Department of Mathematics, 
Imperial College London 

E-mail address: d.iacono@iinperial.ac.uk 

Dipartimento di Matematica 
Universita degli Studi di Bari 

E-mail address: donatella.iacono@imiba.it 



